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Electron and ion thermal forces in complex (dusty) plasmas
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Expressions for the ion and electron thermal forces acting on a charged grain, suspended in a
weakly ionized plasma subject to temperature gradients, are derived. The main emphasize is on the
conditions pertinent to the investigations of complex (dusty) plasmas in gas discharges. Estimates
show that for the electron temperature gradients ∼ O(eV/cm) typically encountered in laboratory
gas discharges, the electron thermal force can become an important player among other forces acting
on micron-size grains.
PACS numbers: 52.27.Lw, 52.25.Vy, 94.05.Bf
I. INTRODUCTION
The momentum exchange between different species
plays an exceptionally important role in complex (dusty)
plasmas – multi-component systems consisting of charged
micron-sized (“dust”) grains embedded in a plasma [1–
3]. In a weakly ionized plasma, the momentum transfer
in collisions with the neutral gas “cool down” the sys-
tem, in particular grains and ions, and introduce some
damping. Relative motion between the grains and other
plasma components results in the so-called drag forces.
The neutral, ion, and (to a lesser extent) electron drag
forces are known to affect and often dominate the grain
component statical and dynamical properties [1–5].
Relative motion between the grain and other plasma
species is not the only mechanism which can be respon-
sible for the momentum transfer. A relevant example
is the thermophoresis, which describes the phenomenon
wherein small particles, suspended in a gas where a tem-
perature gradient exists (but macroscopic flows are ab-
sent), experience a force in the direction opposite to that
of the gradient. Elementary consideration of this phe-
nomenon has been given by Einstein [6] and then it was
investigated in detail (see e.g. Refs. [7–9] and references
therein). In the context of complex plasmas, Jellum et
al. [10] were apparently the first who recognized the pos-
sibility to manipulate the particles in gas discharges using
the thermophoretic force. Since then, applying the verti-
cal temperature gradients to compensate for the particle
gravity has become a standard technique for controlled
particle manipulation in laboratory experiments [11–14].
In complex plasmas, the thermophoretic force has its
counterparts associated with the charged electron and
ion components, provided the corresponding tempera-
ture gradients are present. These electron and ion ther-
mal forces appearing in plasmas have received much less
attention than the conventional thermophoresis, or the
corresponding drag forces. Brook [15] calculated the
force acting on a small uncharged particle suspended in
a plasma in which temperature gradients and a magnetic
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field are present. Gnedovets [16] took into account the
particle charge and demonstrated that the electron and
ion thermal forces can have significant effect on the parti-
cles which are smaller than the plasma screening length.
Nevertheless, these forces have not yet been discussed in
the context of complex (dusty) plasmas in any reasonable
detail. It seems of value, therefore, to revisit this issue
with proper account of the progresses in the understand-
ing of basic plasma-dust interactions achieved in the last
two decades.
In this paper the expressions for the ion and electron
thermal forces acting on a highly charged grain immersed
in a weakly ionized plasma subject to temperature gradi-
ents are derived. The focus is on spherical grains, which
are smaller than the plasma screening length. Low col-
lisionality is assumed, so that the mean free paths of all
plasma species (neutrals, ions, and electrons) are long
compared to the grain size, which corresponds to the
limit of large Knudsen number. These conditions are
typical for complex plasma experiments in laboratory
gas discharges. The obtained in this way expressions are
simple enough and can be easily implemented for prac-
tical applications. The directions and the magnitudes of
the forces are analyzed and an interesting and non-trivial
behavior is reported. Comparison with other forces indi-
cates that the electron thermal force, in particular, can
provide important contributions to the net force balance
in typical complex plasma experiments.
II. FORMULATION
The general expression for the force associated with the
momentum transfer from a light species α to the massive
grain at rest is
Fα = mα
∫
vvσα(v)fα(v)d
3v, (1)
where mα, fα(v) and σα(v) are the corresponding mass,
velocity distribution function, and (velocity dependent)
momentum transfer cross section (α = n, i, e for neu-
trals, ions, and electrons, respectively). The net momen-
tum transfer occurs when the velocity distribution has
2some asymmetry (e.g. relative motion). Assuming weak
asymmetry, we write fα(v) ≃ fα0(v)+ fα1(v), where the
symmetric component fα0 is taken to be Maxwellian
fα0 = nα(mα/2piTα)
3/2 exp(−mαv2/2Tα).
Here nα and Tα are the density and temperature (in en-
ergy units) of the species α. The small asymmetric com-
ponent fα1, which gives contribution to the integral in
(1), depends on the nature of the anisotropy. In the case
of subthermal drifts with relative velocity uα (uα <∼ vTα)
it reduces to fα1 ≃ fα0(vuα/v2Tα), where vTα =
√
Tα/mα
is the thermal velocity. This ansatz corresponds to the
conventional calculation of the neutral, ion and electron
drag forces for subthermal flows and has been thoroughly
investigated earlier [2, 3, 5, 17, 18].
The focus of the present paper is on a complemen-
tary situation when relative drifts are absent, but the
momentum transfer do occur due to the net momentum
flux caused by the temperature gradients (If both tem-
perature gradients and subthermal drifts are present, the
corresponding thermal and drag forces are added in a
simple superposition.) In this case, the asymmetric part
of the velocity distribution function of the component α
can be approximated as
fα1 ≃ mακαfα0
nαT 2α
[
1− mαv
2
5Tα
]
v∇Tα, (2)
where κα is the thermal conductivity of the species α.
This expression can be for instance derived by lineariz-
ing the kinetic equation with the BGK-like collision op-
erator and expressing the effective collision frequency
via the thermal conductivity. It is easy to check that
this form ensures that the self-consistent density gra-
dient and/or electric field (for charged species), build
up in response to the temperature gradient, result in
no net flux: jα =
∫
vfα1d
3v = 0 (i.e., uα = 0). The
Fourier’s law for heat transfer is also satisfied: qα =∫
(mαv
2/2)vfα1d
3v = −κα∇Tα. Equation (2) is an ap-
proximation, which is exact only for the special case of
∝ r−4 interactions (for the rigorous mathematical treat-
ment of non-uniform gases see Ref. [19]). Its accuracy is,
however, more than acceptable for our present purposes,
especially in view of further simplifications involved in
treating electron-grain and ion-grain collisions.
Substituting Eq. (2) into (1) we get after integration
over the angles in spherical coordinates
FTα =
16κα∇Tα
15
√
2pivTα
∫
∞
0
x2(52 − x) exp(−x)σα(x)dx, (3)
where the remaining integration is over the reduced ve-
locity x = v2/2v2Tα . For grain-neutral collisions the mo-
mentum transfer cross section is velocity-independent,
σn(x) = pia
2, and the integration yields FTn =
−(8√2pi/15)(κna2/vTn)∇Tn, where a is the particle ra-
dius. This coincides with the celebrated expression by
Waldmann [7] for the conventional thermophoretic force.
The force is directed towards lower gas temperature, be-
cause hotter atoms transfer more momentum to the grain
than the colder ones.
It is convenient to write the generic expression for the
thermal forces in complex plasmas as
FTα = −8
√
2pi
15
καa
2∇Tα
vTα
Φα. (4)
For the neutral component (thermophoresis) Φn = 1.
The factors Φi(e) account for the electrical interactions
between the ions (electrons) and the charged grain. They
depend on the shape of the electrical potential around the
grain. We use the conventional Debye-Hu¨ckel (Yukawa)
form, φ(r) ≃ (Q/r) exp(−r/λ), where Q is the grain
charge and λ is the plasma screening length. In low-
temperature gas discharges the dominant charging pro-
cess is the continuous absorption of electrons and ions
on the grain surface. In this case the charge is negative
and proportional to the product of the grain radius and
the electron temperature, viz. Q = −z(aTe/e), where z
is the coefficient of order unity, which depends on the
plasma parameter regime [4]. In the absence of sub-
stantial ion flows and strong nonlinearities in ion-grain
interaction, the screening length is approximately given
by the ion Debye radius λ ≃ λDi =
√
Ti/4pie2ni, pro-
vided Te ≫ Ti. When ion-grain interaction is strongly
non-linear, the effective screening length exceeds the ion
Debye radius [20], approximate fits are available in the
literature [4]. Although it is well recognized that the
long range asymptote of the electrical potential can be
modified (by e.g. continuous plasma absorption on the
grain surface [21–24] or plasma ionization/recombination
effects [25]), this is expected to affect merely grain-grain
interactions, but not the momentum transfer from the
ions and electrons.
III. ELECTRON COMPONENT
Normally, the grain radius in complex plasmas is much
smaller than the plasma screening length. In this case,
the electron-grain interaction can be called “weak”, in
the sense that its range – the Coulomb radius ReC ∼ za
– is much smaller than the screening length λ [3]. This
implies that the Coulomb scattering theory is appropriate
to describe electron-grain elastic collisions. The general
momentum transfer cross section for scattering in the
Coulomb potential Q/r is
σsα(v) = 4piR
2
α(v) ln
[
R2α(v) + ρ
2
max(v)
R2α(v) + ρ
2
min(v)
]1/2
, (5)
where Rα(v) = (|Q|e/mαv2) and α = e, i. The maximum
impact parameter ρmax is necessary to avoid the loga-
rithmic divergence of the cross section. In the standard
Coulomb scattering theory ρmax = λ, and this choice is
appropriate for the weak electron-grain interaction [3, 5].
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FIG. 1: The transition curve separating regions of positive
and negative electron thermal force in the plane of reduced
grain size a/λ and charge z.
The minimum impact parameter ρmin is zero in the stan-
dard Coulomb scattering theory. In the considered case,
however, some electrons are falling onto the grain in-
stead of being elastically scattered in its electrical po-
tential. Consequently, ρmin should be set equal to the
maximum impact parameter corresponding to the elec-
tron collection by the grain, ρc. The orbital motion lim-
ited (OML) theory yields [26] ρc(v) = a
√
1− 2Re(v)/a
for 2Re(v) < a and ρc = 0 otherwise (sufficiently slow
electrons cannot be collected even in head-on collisions
with the grain due to electrical repulsion). The momen-
tum transfer cross section for electron collection is sim-
ply σce(v) = piρ
2
c(v). Expressing now velocity in terms
of x = v2/2v2Te , substituting σe(x) = σ
s
e(x) + σ
c
e(x) into
Eq. (3) and performing the integration with the appro-
priate limits yields:
Φe = (1 +
3
2z + z
2) exp(−z)− z22 Λe, (6)
where Λe is the electron-grain Coulomb logarithm
Λe =
∫
∞
0
h(x) ln
(
1 + 4λ
2
a2
x2
z2
)
dx−2
∫
∞
z
h(x) ln
(
2x
z − 1
)
dx.
(7)
The function h(x) is defined as h(x) =
(
5
2 − x
)
exp(−x).
Equations (4), (6) and (7) constitute the expression for
the electron thermal force. It is similar to that obtained
earlier by Gnedovets [16]. To get identical expressions
one needs to neglect unity compared to λ/a in the equa-
tions of Ref. [16].
For an uncharged particle Φe = 1 and the electron
thermal force pushes the grains in the direction of lower
electron temperature, similarly to the thermophoretic
force. According to Eq. (6) the contributions from collec-
tion and scattering are directed oppositely to each other.
For a sufficiently high charge, the scattering part be-
comes dominant and the force reverses direction. The
physical reason is that the (Coulomb) scattering momen-
tum transfer cross section quickly decreases with velocity
[∝ v−4, see Eq. (5)], so that the cold electrons are more
effective in transferring their momentum upon scatter-
ing. In this regime (Φe < 0), the thermal force acts in
the direction of higher electron temperature. In Figure 1
the curve separating the positive and negative values of
Φe is plotted in the plane (a/λ, z). For most experimen-
tal conditions Φe < 0 should be expected, although the
transition line does not seem unreachable [27].
IV. ION COMPONENT
The Coulomb radius of ion-grain interaction RiC ∼ zaτ
is not necessary small compared to the plasma screening
length due to the presence of a (normally) large factor
τ = Te/Ti – electron-to-ion temperature ratio [3]. The
interaction range can exceed λ and considerable amount
of momentum transfer can occur for impact parameters
beyond λ. This implies that the standard Coulomb scat-
tering approach is inappropriate [18, 28]. It makes sense
to consider two regimes of ion scattering separately. In
the regime of moderate ion-grain interaction, an exten-
sion of the standard Coulomb scattering theory is possi-
ble by taking into account the momentum transfer from
the ions that approach the grain closer than λ [18]. This
results in ρmax = λ
√
1 + 2Ri(v)/λ. This approximation
demonstrates good accuracy for Ri(v) <∼ 5λ and reduces
to ρmax = λ in the limit of weak ion-grain interaction
[Ri(v) ≪ λ]. The impact parameter corresponding to
the ion collection is ρc(v) = a
√
1 + 2Ri(v)/a and the
corresponding collection cross section is σc(v) = piρ
2
c(v).
Combining the contributions from collection and scatter-
ing yields:
Φi = 1− 12zτ − z2τ2Λi, (8)
where Λi is the (modified) ion-grain Coulomb logarithm
Λi =
∫
∞
0
h(x) ln
[
2x(λ/a) + zτ
2x+ zτ
]
dx. (9)
In typical complex plasmas with λ ≫ a, τ ≫ 1, and
z ∼ 1, the Coulomb logarithm can be roughly estimated
as Λi ≃ ln(1 + β−1T ), where βT = β(vTi ) = (a/λ)zτ and
β(v) = Ri(v)/λ is the ion scattering parameter [18]. The
approach is reliable up to βT <∼ 5. Since the product zτ
is normally quite large, zτ ∼ O(102), it follows that (i)
the scattering provides dominant contribution to the mo-
mentum transfer; (ii) Φi < 0, i.e. the grains are pushed
into the region with higher ion temperature. The physi-
cal reason is again fast decrease of the scattering momen-
tum transfer cross section with the ion velocity, so that
cold ions transfer more momentum to the grain. This is
not a unique example when the force acting on a charged
grain is directed oppositely to the net ion momentum
flux. Another example is related to the sign reversal of
the ion drag force acting on an absorbing particle in the
highly collisional (continuum) limit [4, 29–31], although
the detailed physics is different.
4In the regime of very strong ion-grain interaction, the
scattering is characterized by the formation of a po-
tential barrier for ions with impact parameters above
the critical one ρ∗, which considerably exceeds λ. For
ρ < ρ∗ scattering with large angles occurs, which gives
the major contribution to the momentum transfer. Rela-
tive importance of momentum transfer from distant col-
lisions with ρ > ρ∗ decreases rapidly with the increase
in ion-grain interaction strength. The detailed consider-
ation of the momentum transfer in this regime can be
found in Refs. [28, 32]. In the limit Ri(v) ≫ λ (i.e.
β(v)≫ 1 [33]) the total momentum transfer cross section
(collection and scattering) can be roughly approximated
as σΣ(v) ≃ piρ2∗(v), with ρ2∗ ≃ λ2
{
ln2[β(v)] + 2 ln[β(v)]
}
.
The integration yields
Φi ≃ −
(
λ
a
)2 ∫ x∗
0
x2h(x)
[
ln2
(
βT
2x
)
+ 2 ln
(
βT
2x
)]
dx.
(10)
The upper limit of integration can be chosen as x∗ =
βT /2 to avoid unphysical regime of negative cross section
in this approximation. However, due to the presence of
the exponentially small term in h(x), taking x∗ =∞ will
not produce big errors for βT ≫ 1. Note that the sign of
Φi is changed from negative to positive upon increasing
βT (in the considered approximation for σΣ(v) this hap-
pens at βT ≃ 120; the exact value is rather sensitive to
the functional dependence of the cross section on the ion
velocity and, thus, is subject to significant uncertainty).
Physically, the sign reversal occurs because scattering in
the Yukawa potential in the limit of strong interaction
tends to that on a hard sphere with the radius ρ∗, which
only weakly (logarithmically) depends on the ion veloc-
ity.
V. DISCUSSION
Having derived the expressions for the ion and elec-
tron thermal forces, let us discuss their relative im-
portance. The relationship between FTe and FTi de-
pends on many factors and is, in principle, arbitrary.
In weakly ionized plasmas κα ∼ (nα/nn)(vTα/σαn)
(where σαn is the transport cross sections for collisions
with neutrals) and the force ratio becomes |FTi/FTe| ∼
(σen/σin)(Φi/Φe)(∇Ti/∇Te), where the quasineutrality
condition ni ∼ ne has been used. Assuming further that
most of the contribution to the thermal forces comes from
elastic scattering, and setting Λi ∼ Λe ∼ 1 for simplicity,
we end up with |FTi/FTe| ∼ (σen/σin)τ2 for comparable
temperature gradients. The first factor is small, whilst
the second can be quite large, and thus various situations
are possible.
Another situation deserving attention is when a gradi-
ent of the neutral gas temperature is created (e.g. by
heating the lower electrode of a parallel plate rf dis-
charge) to compensate for grain gravity (thermophoretic
levitation) [10, 11]. In this case, the ion tempera-
ture is likely coupled to the neutral gas temperature,
∇Ti ≃ ∇Tn. The neutral and ion thermal forces are
directed in the opposite directions (in the regime of
weak and moderate ion-grain coupling). Their ratio is
|FTi/FTn| ∼ (ni/nn)(σnn/σin)z2τ2Λi. Assuming σin ∼
σnn [34] and Λi ∼ 1 we find that FTi dominates over FTn
for ni/nn >∼ (zτ)−2 ∼ 10−4. For a more typical (in labo-
ratory gas discharges) ionization fraction ni/nn ∼ 10−6,
the ion thermal force is only slightly reducing the effect
of thermophoretic force.
It is worth to remind that in laboratory gas dis-
charges, ions produced in the plasma bulk are drift-
ing towards the walls and electrodes of the chamber.
So even if some gradients of the ion temperature are
present, the related effects are likely masked by the
more pronounced ion drag force associated with these
drifts. For example, consider the expression for the ion
drag force derived in Ref. [18] for the subthermal ion
drift regime and weak-to-moderate ion-grain coupling,
Fid ≃ (8
√
2pi/12)a2nimivTiuiz
2τ2Λ (Λ is the Coulomb
logarithm for ion scattering, which gives the dominant
contribution to the ion drag force), along with the rela-
tion between the ion drift velocity and the electric field
ui ≃ (eE/miνin), where νin ≃ nnvTiσin is the character-
istic momentum transfer frequency. The Coulomb log-
arithms encountered in the calculations of the ion drag
and ion thermal forces are not exactly the same, but are
comparable Λ ∼ Λi. This results in a particularly sim-
ple estimate |Fid/FTi| ∼ eE/∇Ti. The electric fields of
the order of 1 V/cm are quite natural even for the bulk
regions of gas discharges (ambipolar fields). The ion tem-
perature is normally close to the neutral gas (room) tem-
perature, and thus for most situations ∇Ti is orders of
magnitude less than 1 eV/cm. This implies that in the
considered case |Fid/FTi| ≫ 1.
Electrons are also drifting towards the discharge walls
and electrodes. In the regime of ambipolar diffusion elec-
tron and ion fluxes are equal to each other. This im-
plies that the electron drag force is negligible as com-
pared to the ion drag force in this regime, due to small
electron mass. However, electron temperature gradients
can result in the thermal force acting on the particles.
The existence of significant gradients of Te is known
from earlier spatially resolved probe measurements of the
electron energy distribution function in various gas dis-
charges [35, 36]. For devices used in complex plasma
research, the more recent results from probe measure-
ments [37], optical emission spectroscopy [38], as well
as from numerical modeling [39, 40] all revealed gradi-
ents in Te of the order of O(eV/cm). The spatial dis-
tribution of Te generally depends on discharge geome-
try, plasma parameters, and can be affected by the pres-
ence of grains [39]. Let us therefore assume ∇Te = 1
eV/cm and restrict ourselves to the comparison of the
absolute magnitudes of the electron thermal force and
other forces acting on a small grain in the bulk of a
gas discharge. We take the plasma parameter set from
Ref. [41] used to estimate relative importance of the
electrical and ion drag forces: argon gas at a pressure
5p = 10 Pa (nn ≃ 2 × 1015 cm−3), ne = ni = 3 × 109
cm−3, Te = 1 eV, Ti = Tn = 0.03 eV, a = 1 µm
(a/λ ≃ 0.04), and z ≃ 3 (estimated from the collisionless
OML theory). From Eqs. (6) and (7) we get Φe ≃ −22.
The electron thermal conductivity in a weakly ionized
plasma is κe ≃ 52 (neTe/meνen) with νen ≃ nnσenvTe
(σen ∼ 10−16 cm2 for Te ∼ 1 eV in argon). This results
in FTe ≃ 2 × 10−8 dyne. This force is more than three
times larger than the force of gravity, experienced by the
grain of this size (and material density of 1.5 g/cm3) in
ground-based experiments. The equivalent electric field
E∗, for which FTe ≃ |Q|E∗, is E∗ ≃ 5 V/cm. Such a field
would produce a significant plasma anisotropy, character-
ized by superthermal ion flows (Fig. 4b from Ref. [41]).
Finally, this magnitude is comparable to the maximum
value of the ion drag force the grain can experience in
subsonic ion flows for this set of parameters (∼ 5× 10−8
dyne according to Fig. 4a from Ref. [41]).
Observation of big grains, trapped in standing stria-
tions of a stratified dc glow discharge [42], provides an-
other example where the electron thermal force can play
a significant role. The electron temperature is known to
increase considerably in the head of the striation (where
their energy is of the order of the first excitation poten-
tial), which can explain that even very massive grains
can be confined there [42].
Other situations wherein plasma thermal forces may
play significant role include charged aerosols, dust in
planetary (e.g., Earth) atmospheres, fusion devices, and
even quark-gluon plasma [43]. Present results may not,
however, be directly applicable to some of these cases.
For example, the regime of fully ionized magnetized
plasma, considered recently [44], is apparently more rel-
evant in the context of dust in fusion devices. As a final
remark, we point out that complex plasmas represents a
natural example where ”negative thermophoresis” (force
pointing towards higher temperatures) can exists. A the-
oretical criterion for negative thermophoresis in dilute
non-ionized gases has been discussed in a recent publica-
tion [45].
VI. CONCLUSION
To conclude, the forces acting on small particles in a
weakly ionized plasma subject to ion and electron tem-
perature gradients have been analyzed with the main em-
phasis on applications to complex (dusty) plasmas. The
presented estimates demonstrate that the ion thermal
force is usually of minor importance in gas discharges
presently employed in complex plasma research. In con-
trast, the electron thermal force can well be comparable
to other forces acting on micron-size particles. This find-
ing should be properly addressed when developing new
(and updating existing) numerical codes to model parti-
cle transport in gas discharges. The expressions derived
in this paper are easy for practical implementation and
can serve as a theoretical basis for further detailed stud-
ies.
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